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AN INTEGRAL TRANSFORM CONNECTING SPHERICAL ANALYSIS ON
HARMONIC NA GROUPS TO THAT OF ODD DIMENSIONAL REAL
HYPERBOLIC SPACES
A. INTISSAR †, M.V. OULD MOUSTAPHA ∗, AND Z. MOUHCINE †
In memory of Professeur Ahmed Intissar (1952-2017).
Abstract. The main aim of the present paper is to establish an integral transform connecting
spherical analysis on harmonic NA groups to that of odd dimensional real hyperbolic spaces.
Moreover, certain interesting integral identities for the Gauss hypergeometric functions have also
been given.
1. Introduction and main results
Harmonic NA groups and analysis theorem have been studied by several autors [3, 4, 5, 16,
...]. Recall that, as Riemannian manifolds, these solvable Lie groups include all symmetric spaces
of noncompact type and rank one, namely the hyperbolic space Hn
F
(F = R,C,H) and H2
O
, but
that most of them are not symmetric, providing numerous counterexamples to the Lichnerowicz
conjecture [12]. Despite the lack of symmetry, spherical analysis i.e. the analysis of radial functions
on these spaces is quite similar to the hyperbolic space case. We shall emphasize that spherical
analysis is again a particular case of the Jacobi function analysis [3].
Let X = G/K = NA be a rank one symmetric space of non compact type where G is a non
compact rank one semi-simple group. K is the maximal compact subgroup of G whereas N and
A = R are respectively the nilpotent and abelian parts that enter into the Iwasawa decomposition
of G = NAK. Let ZX denote the center of NX := N . N is abelian for real hyperbolic spaces
G/K = Hn
R
and of Heisenberg type (see [3, 8, 9, 10, 17] for the general theory on Heisenberg type
groups) in the other cases for G/K = Hn
C
, Hn
H
or Hn
O
.
The space X = G/K = NA is a homogeneous Riemannian space and if LX denote the Laplace-
Beltrami operator of X = NA, then the radial part of LX in geodesic polar coordinates is given
by
rad(LX) =
d2
dr2
+ {dimNX coth(r) + dimZX tanh(r)} d
dr
, (1.1)
where r = d(x, y) is the geodesic distance between two points x, y ∈ X = NA.
It is well known that the spherical resolvent kernel RX(λ;x, y) := RX(λ; r) of the Laplacian LX
on X can be described as the singular solution at r = 0 of the following equation of Jacobi type(
rad(LX) + σ
2
X + λ
2
)
RX(λ, r) = 0, r > 0, λ ∈ C, (1.2)
where σX =: σ =
dimNX+dimZX
2 and λ is a complex number such that ℑmλ ≥ 0.
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In fact the resolvent kernel function of the shifted Laplacian LX + σ
2
X on X is well known to be
given in terms of the Gauss Hypergeometric functions 2F1(a, b; c; z) [3, 14]. More precisely, we have
RX(λ, r) = CX(λ) cosh
−σ+iλ(r) 2F1
(
σ − iλ
2
,
σ − iλ
2
− β; 1− iλ; cosh−2(r)
)
(1.3)
for ℑmλ ≥ 0, β = dimZX−12 and the constant CX(λ) is given explicitly by
CX(λ) = pi
−(dimNX+1)/2
Γ((σ − iλ)/2)Γ((σ − iλ)/2− β)
4Γ(1− iλ) ,
where the hypergeometric function 2F1(a, b; c; z) reads as
2F1(a, b; c; z) =
Γ(c)
Γ(a)Γ(b)
∞∑
k=0
Γ(a+ k)Γ(b+ k)
k!Γ(c+ k)
zk
and where Γ(z) =
∫
∞
0
tz−1e−tdt is Euler’s Gamma-function.
Remark 1.1. i) For instance if Y is a real hyperbolic space the resolvent kernel of the Laplacian
operator LY is given as in (2.6) with β = −1/2 and σY = dimNY /2 = (dimY − 1)/2, in particular
where dimY is odd, the resolvent kernel RY (λ, r) can be given in terms of elementary function, see
Section 2.
ii) At this point one should observe that for X = NA with X not a real hyperbolic space, the
number σX =
dimNX+dimZX
2 is an integer positive number. This occurs even if X = NA is not a
symmetric space but of Damek-Ricci spaces type [17], i.e, X = NA is a Harmonic group of rank
one and the corresponding resolvent kernel RX(λ, r) = RNA(λ, r) is given, for example, as in [15].
An integral transform relating the heat kernels on even dimensional hyperbolic spaces to the
ones of odd dimensional was obtained by Davies and Mandouvalos [6]. More precisely, in [6], it has
been established a recurrence relations relating the heat kernel, written in terms of the hyperbolic
distance, on the real hyperbolic spaces Hn+1 and Hn+2 of dimension n+ 1 and n+ 2 respectively,
given by the following integral transform
Kn+1(t, ρ) =
1√
2
∫
∞
ρ
e(2n+1)t/4
(coshµ− cosh ρ)1/2Kn+2(t, µ) sinh(µ)dµ. (1.4)
The main objective of this paper is to show that all resolvent kernels of harmonic NA groups
(including Riemannian symmetric space of non compact type and of rank one) can be expressed as
an integral transform of those odd dimensional hyperbolic spaces. Namely the result to which is
aimed this paper is to establish the following integral transform
Theorem 1.2. Let X = NA be a harmonic group, including rank one symmetric spaces of non
compact type (Real hyperbolic spaces are disregarded). Then the resolvent kernel RX(λ, r) of the
Laplacian LX as given in (1.3) can be expressed in terms of the resolvent kernel of odd dimensional
hyperbolic spaces as follows
RX(λ, r) =
∫
∞
r
WX(r, ρ)RY (λ, ρ) sinh(ρ)dρ (1.5)
where the kernel WX(r, ρ) is independent of λ ∈ C and it is given by
WX(r, ρ) =
2pi
dimZX
2
Γ(dimZX/2)
cosh(1−dimZX )(r)
(
cosh2 ρ− cosh2 r)(dimZX−2)/2 (1.6)
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while RY (λ, ρ) is the resolvent kernel of some odd dimensional hyperbolic spaces Y such that
dimY = dimNX + dimZX + 1.
The plan of the article is as follows. Inspired by the work of Davies-Mandouvalos [6], in Section
2, we have obtained a recurrence relation relating the real hyperbolic resolvent kernels for different
dimensions. The Section 3 deals with some integral identities for the hypergeometric functions
2F1. In the Section 4, we establish an integral transform linking spherical analysis on harmonic NA
groups to that of odd dimensional real hyperbolic spaces. Finally, in Section 5, some concluding
remarks are made.
2. Spherical analysis on the hyperbolic space
Spherical analysis on hyperbolic spaces was developed in [6, 7, 11, ...]. We recall briefly some of
it in this section. The radial part (in geodesic polar coordinates) of the Laplace-Beltrami operator
LY on a hyperbolic space Y of dimension n reads as
rad(LY ) =
d2
dr2
+ (n− 1) coth(r) d
dr
, r > 0. (2.1)
Let λ ∈ C, the spherical functions ϕY (λ, .) on Y are normalized radial eigenfunctions of LY with
eigenvalue ν = −(σ2Y + λ2) and ϕY (λ, 0) = 1. We then have, that ϕY (λ, .) is the solution of the
following differential equation(
d2
dr2
+ (n− 1) coth(r) d
dr
+ ((n− 1)/2)2 + λ2
)
ϕY (λ, r) = 0; r > 0, λ ∈ C, (2.2)
continuous at r = 0, and since limr→0+ r coth(r) = 1, this equation has a regular singular point at
r = 0. This is a Jacobi equation with parameters λ, α = n−22 and β =
−1
2 (for more group theoretic
interpretations of Jacobi functions see Koornwinder’s paper [11]). Therefore, the spherical functions
ϕY (λ, r) are given by Jacobi functions in the following way
ϕY (λ, r) = φ
( n−2
2
,−1
2
)
λ (r). (2.3)
Equivalently, in terms of the Gauss hypergeometric functions, we have
ϕY (λ, r) = 2F1
(
1
2
((n− 1)/2− iλ) , 1
2
((n− 1)/2 + iλ) ; n
2
; − sinh2(r)
)
. (2.4)
It can also be seen [11, p. 7] that for λ 6= −i,−2i, ..., a second solution of (2.2) on (0,+∞) is given
by
ϕY (λ, r) = (cosh r)
iλ−(n−1)/2 ×
2F1
(
1
2
((n− 1)/2− iλ) , 1
2
((n− 1)/2− iλ) + 1
2
; 1− iλ; cosh−2(r)
)
. (2.5)
It known that the resolvent kernel RY (λ, r) is a multiple of the fundamental solution at infinity
(2.5) of (2.2) which reads as [2]
RY (λ, r) = Cn,λ (cosh r/2)
2iλ−(n−1)
2F1
(
(n− 1)/2− iλ, 1/2− iλ; 1− 2iλ; cosh−2(r/2)) (2.6)
where
Cn,λ = 2
−(n−2iλ)pi−(n−1)/2Γ((n− 1)/2− iλ)/Γ(1− iλ). (2.7)
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In [6], it has been established a recurrence relations relating the heat kernels K(t, .) on the real
hyperbolic spaces Hn−1 and Hn+1 of dimension n− 1 and n+1 respectively, given by the following
recurrence relation
Kn+1(t, ρ) = − e
(1−n)t
2pi sinh ρ
∂
∂ρ
Kn−1(t, ρ), ρ > 0. (2.8)
In what follows, we give an analogous of this result relating the real hyperbolic resolvent kernels
on the real hyperbolic spaces of dimension n and n + 2 respectively. Then, we prove that for odd
dimensional real hyperbolic spaces the resolvent kernel is given in terms of elementary functions.
Namely, our main result of this section is the following:
Proposition 2.1. Let Rn(λ, r) be the resolvent kernel for real hyperbolic spaces H
n of dimension
n. Then
(i) The resolvent kernel in (2.6) can be written as
Rn(λ, r) =Cn(λ) (cosh r)
iλ−(n−1)/2 ×
2F1
(
1
2
((n− 1)/2− iλ) , 1
2
((n− 1)/2− iλ) + 1
2
; 1− iλ; cosh−2(r)
)
(2.9)
where
Cn(λ) = (4pi
n/2)−1
Γ
(
1
2 ((n− 1)/2− iλ)
)
Γ
(
1
2 ((n− 1)/2− iλ) + 1/2
)
Γ(1− iλ) . (2.10)
(ii) The following recurrence relation hold:
−1
2pi sinh r
∂
∂r
[
Rn(λ, r)
]
= Rn+2(λ, r). (2.11)
(iii) The resolvent kernel for odd dimensional real hyperbolic space of dimension 2m+ 1 can be
given in terms of elementary functions as follows
R2m+1(λ, r) = Cm(λ)
(
1
sinh r
∂
∂r
)m (
eirλ
)
, (2.12)
where Cm(λ) = (−1)m+1/2iλ(2pi)m.
Proof. Making use of the identity [13, p. 50]
2F1
(
2a, c− 1/2; 2c− 1; 2√z/(1 +√z)) = (1 +√z)2a 2F1(a, a+ 1/2; c; z)
and Legendre’s duplication formula
Γ(2a) = (1/
√
pi)Γ(a)Γ(a+ 1/2)22a−1
for z = cosh−2(r), a = ((n− 1)/2− iλ)/2 and c = 1− iλ, the resolvent kernel in (2.6) becomes
Rn(λ, r) =Cn(λ) cosh
iλ−(n−1)/2(r)×
2F1
(
1
2
((n− 1)/2− iλ) , 1
2
((n− 1)/2− iλ) + 1
2
; 1− iλ; cosh−2(r)
)
where
Cn(λ) = (4pi
n/2)−1
Γ
(
1
2 ((n− 1)/2− iλ)
)
Γ
(
1
2 ((n− 1)/2− iλ) + 1/2
)
Γ(1− iλ) .
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This proves the relation (i). The relation (ii) is obtained as follows. Recall that the real hyperbolic
resolvent kernel of dimension n is given in term of the hypergeometric function 2F1 by [2]
Rn(λ, r) = Cn,λ (cosh r/2)
2iλ−(n−1)
2F1
(
(n− 1)/2− iλ, 1/2− iλ; 1− 2iλ; cosh−2(r/2)) (2.13)
where
Cn,λ = 2
−(n−2iλ)pi−(n−1)/2Γ((n− 1)/2− iλ)/Γ(1− iλ).
By using the differential formula of the hypergeometric function 2F1 [1, p. 557]
∂k
∂zk
[
za+k−1 2F1(a, b; c; z)
]
= (a)k z
a−1
2F1(a+ k, b; c; z),
where (a)k = a(a + 1) . . . (a + k − 1) is the Pochhammer symbol, for k = 1, we prove that the
resolvent kernel Rn(λ, r) in (2.13) verifies the recurrence relation
−1
2pi sinh r
∂
∂r
[
Rn(λ, r)
]
= Rn+2(λ, r). (2.14)
Finally, the relation (iii) is obtained easily from (ii). In fact, thanks to the recurrence formula
(2.14), we obtain the following expression for Rn(λ, r) when n is odd:
R2m+1(λ, r) =
( −1
2pi sinh r
∂
∂r
)m
[R1(λ, r)] , (2.15)
where R1(λ, r) is the the resolvent kernel on the real hyperbolic space of one dimensional H
1. In
addition, we observe that, for n = 1, the expression of the resolvent kernel Rn(λ, r) given in (2.13)
reduces to
R1(λ, r) = C1,λ (cosh r/2)
2iλ
2F1
(−iλ, 1/2− iλ; 1− 2iλ; cosh−2(r/2))
where
C1,λ = 2
2iλ−1Γ(−iλ)/Γ(1− iλ).
Further, we use the well-known elementary expression of the hypergeometric function given by [13,
p. 38]
2F1
(
a, 1/2 + a; 2a+ 1; z2
)
= 22a
(
1 +
√
1− z2
)
−2a
for a = −iλ and z = 1/ cosh(r/2), we arrive to the following identity
R1(λ, r) =
−1
2iλ
eirλ.
Replacing R1(λ, r) by its expression in the recurrence formula (2.15), we obtain the announced
relation iii). This ends the proof. 
3. Gauss Hypergeometric functions 2F1
The two expressions of the resolvent kernels in (1.3) and in (2.9) are given in terms of the
hypergeometric function 2F1. For this reason, to find a proof of Theorem 1.2, we should say
something about hypergeometric functions.
2F1(a, b; c; z) =
Γ(c)
Γ(a)Γ(b)
∞∑
k=0
Γ(a+ k)Γ(b + k)
k!Γ(c+ k)
zk, (3.1)
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where Γ(z) =
∫
∞
0
tz−1e−tdt is Euler’s Gamma-function. See [1], [13] or [18] for a general discussion
of 2F1’s and of more general series of this type.
In the following we prove some integral representation, connecting two hypergeometric functions.
The corresponding kernel function can be seen as the kernel of the Fourier-Jacobi or Olevskii index
transform studied, for instance, in the book of S. B. Yakubovich [19].
The most important properties of hypergeometric functions that we use all follow from the
following integral
Lemma 3.1. For x > 1 , ℜµ > 0 and ℜb > 0, we have
x−b 2F1(a, b; c;x
−1) =
Γ(b+ µ)
Γ(b)Γ(µ)
∫
∞
x
y−b−µ(y − x)µ−1 2F1(a, b+ µ; c; y−1) dy. (3.2)
Proof. We use the well known series expansion for hypergeometric function:
2F1(a, b + µ; c; 1/y) =
Γ(c)
Γ(a)Γ(b + µ)
∞∑
k=0
Γ(a+ k)Γ(b+ µ+ k)
k!Γ(c+ k)
1/yk. (3.3)
Note that this series converges absolutely because of the above assumptions. Inserting (3.3) in the
right hand side of the formula (3.2) and integrating term by term making the change of variable
y = xt−1 and use the Euler’s formula for the beta function∫ 1
0
ta−1(1− t)b−1dt = Γ(a)Γ(b)
Γ(a+ b)
,
we obtain at once the desired result. 
Another integrals connecting hypergeometric functions with different parameters are the follow-
ing
Lemma 3.2. For x > 1 , ℜν > 0 and ℜc > ℜν, we have
xc−ν 2F1(a, b; c;x
−1) =
Γ(c)
Γ(c− ν)Γ(ν)
∫
∞
x
y−c(y − x)ν−1 2F1(a, b; c− ν; y−1) dy.
This can be proved in the same way that Lemma 3.1 was proved, i.e. expand 2F1(a, b; c; y) in
the series (3.1) and integrate term by term.
The other is a more complicated formula. In fact, in this lemma, we establish an integral identity
between the Gauss hypergeometric functions 2F1(a, b; c; z) and 2F1(a+ µ, b+ ν; c; z), where µ and
ν are given real numbers, given by the following lemma which will play a crucial role in the next
section. Namely, we have
Key lemma 3.3. Let a, b, µ, ν are complexes numbers such that ℜa, ℜb, ℜµ, ℜν > 0. Then for
every x > 1, the following identity holds
x−b+µ 2F1(a, b; c;x
−1) =
Γ(a+ µ)Γ(b + ν)
Γ(a)Γ(b)Γ(µ+ ν)
×∫
∞
x
Wabµν (x, y)y
−b−ν
2F1(a+ µ, b+ ν; c; y
−1) dy (3.4)
where the kernel function Wabµν (x, y) is given by the following formula
Wabµν (x, y) = (y − x)µ+ν−1 2F1(µ, a− b+ µ;µ+ ν; 1− y/x). (3.5)
AN INTEGRAL TRANSFORM CONNECTING SPHERICAL ANALYSIS ON HARMONIC NA GROUPS TO THAT OF ODD DIMENSIONAL REAL HYPERBOLIC SPACES7
Proof. The proof will rely on the lemma 3.1. In fact, to prove our key integral formula (3.4) we
will apply the above integral identity (3.2) and iterating it twice. That is, fixing µ and using the
above lemma, we get
y−b 2F1(a+ µ, b; c; y
−1) =
Γ(b+ ν)
Γ(b)Γ(ν)
∫
∞
y
z−b−ν(z − y)ν−1 2F1(a+ µ, b+ ν; c; z−1) dz.
Therefore, multiplying both sides by yb−a−µ(y − x)µ−1 and integrating the both sides in y, we
obtain
x−a 2F1(a, b; c;x
−1) =
Γ(a+ µ)Γ(b+ ν)
Γ(a)Γ(b)Γ(µ)Γ(ν)
∫
∞
x
yb−a−µ(y − x)µ−1
×
∫
∞
y
z−b−ν(z − y)ν−1 2F1(a+ µ, b+ ν; c; z−1) dzdy.
Note that z > y > x > 1 and by Fubini’s theorem the integral∫
∞
x
yb−a−µ(y − x)µ−1
(∫
∞
y
z−b−ν(z − y)ν−1 2F1(a+ µ, b+ ν; c; z−1) dz
)
dy
can be transformed to the integral∫
∞
x
z−b−ν 2F1(a+ µ, b+ ν; c; z
−1)
(∫ z
x
yb−a−µ(y − x)µ−1(z − y)ν−1dy
)
dz. (3.6)
Setting y = (1 − t)x+ tz, t ∈ [0, 1], then we have∫ z
x
yb−a−µ(y − x)µ−1(z − y)ν−1 dy = xb−a−µ(z − x)µ+ν−1×∫ 1
0
tµ−1(1− t)ν−1 (1− t(1− z/x))−(a−b+µ) dt.
Using the integral representation of the hypergeometric function [1, p. 558]
2F1(a
′, b′; c′; z′) =
Γ(c′)
Γ(b′)Γ(c′ − b′)
∫ 1
0
sb
′
−1(1− s)c′−b′−1 (1− sz′)−a
′
ds, ℜ(c′) > ℜ(b′) > 0,
for a′ = a− b+ µ, b′ = µ, c′ = µ+ ν and z′ = 1− z/x, we get∫ z
x
yb−a−µ(y − x)µ−1(z − y)ν−1 dy = Γ(µ)Γ(ν)
Γ(µ+ ν)
xb−a−µ(z − x)µ+ν−1×
2F1(µ, a− b+ µ;µ+ ν; 1− z/x). (3.7)
Substituting (3.7) into the integral in (3.6), we obtain
x−b+µ 2F1(a, b; c;x
−1) =
Γ(a+ µ)Γ(b + ν)
Γ(a)Γ(b)Γ(µ + ν)
∫
∞
x
Wabµν(x, y)y
−b−ν
2F1(a+ µ, b+ ν; c; y
−1) dy
where Wabµν(x, y) is given by
Wabµν (x, y) = (y − x)µ+ν−1 2F1(µ, a− b+ µ;µ+ ν; 1− y/x).
Hence the result of the key integral identity holds. 
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Remark 3.4. We shall notice that interchanging a and b together with µ and ν we get similarly the
following integral identity:
x−a+ν 2F1(a, b; c;x
−1) =
Γ(a+ µ)Γ(b + ν)
Γ(a)Γ(b)Γ(µ+ ν)
∫
∞
x
W˜abµν(x, y)y
−a−µ
2F1(a+ µ, b+ ν; c; y
−1) dy
where the kernel function W˜abµν(x, y) is given by the following formula
W˜abµν(x, y) = (y − x)µ+ν−1 2F1(ν, a− b+ ν;µ+ ν; 1− y/x) =
( y
x
)a+µ−(b+ν)
Wabµν (x, y).
4. Integral transform
Here an integral transform with a kernel function for the resolvent kernel on NA harmonic groups
in terms of the resolvent kernel for an odd dimensional real hyperbolic space is obtained, which are
both given in terms of the hypergeometric function 2F1(a, b; c; z).
For this, we deal with the application of the above key integral identities to the resolvent kernel
function RX(λ; r). To do this properly, we recall its expression to be connected by the integral
formula. It is well known that the resolvent kernel function of the shifted Laplacian LX + σ
2
X on
X is given in terms of the Gauss Hypergeometric functions 2F1(a, b; c; z) as follows
RX(λ, r) = CX(λ) (cosh r)
−σ+iλ
2F1
(
σ − iλ
2
,
σ − iλ
2
− β; 1− iλ; cosh−2(r)
)
(4.1)
for ℑmλ ≥ 0, β = dimZX−12 and the constant CX(λ) is given explicitly by
CX(λ) = pi
−(dimNX+1)/2Γ((σ − iλ)/2)Γ((σ − iλ)/2− β)
4Γ(1− iλ) .
Then, our main result is the following:
Theorem 4.1. Let X = NA be a harmonic group including rank one symmetric spaces of non
compact type (Real hyperbolic spaces are disregarded). Then the resolvent kernel RX(λ, r) of the
Laplacian LX as given in (5.1) can be expressed in terms of the resolvent kernel of odd dimensional
hyperbolic spaces as follows
RX(λ, r) =
∫
∞
r
WX(r, ρ)RY (λ, ρ) sinh(ρ)dρ
where the kernel WX(r, ρ) is independent of λ ∈ C and it is given by
WX(r, ρ) =
2pi
dimZX
2
Γ(dimZX/2)
cosh(1−dimZX )(r)
(
cosh2 ρ− cosh2 r)(dimZX−2)/2
while RY (λ, ρ) is the resolvent kernel of some odd dimensional hyperbolic spaces Y such that
dim Y = dimNX + dimZX + 1.
Proof. To establish this integral representation, we begin by representing the resolvent kernel
RX(λ, r) after substitution x = cosh
2(r) as follows
RX(λ, r) =: GX(λ, x) =CX(λ)x
−
σ−iλ
2 2F1
(
σ − iλ
2
,
σ − iλ
2
− β; 1 − iλ;x−1
)
(4.2)
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and appealing to the key integral formula (3.4) with a = σ−iλ2 , b =
σ−iλ
2 −β and c = 1− iλ, so that
µ and ν are given respectively by µ = 12 and ν = β, we have the following integral representation
GX(λ, x) =C(σ, β, λ)x
−β− 1
2 ×∫
∞
x
Kβ(x, y) y
−
σ−iλ
2 2F1
(
σ − iλ
2
+
1
2
,
σ − iλ
2
; 1− iλ; y−1
)
dy (4.3)
where we denote by Kβ(x, y) the function of type
Kβ(x, y) = (y − x)β− 12 2F1
(
1
2
, β +
1
2
;β +
1
2
; 1− y/x
)
and where
C(σ, β, λ) = pi−(dimN+1)/2
Γ(σ−iλ2 +
1
2 )Γ(
σ−iλ
2 )
4Γ(1− iλ)Γ(β + 12 )
.
Using the identity [13, p. 38]
(1 + z)a = 2F1(−a, b; b;−z)
for a = − 12 , b = β + 12 and z = −(1− y/x), we get
Kβ(x, y) = (y − x)β− 12 (x/y)1/2 .
Then, the equation (4.3) becomes
GX(λ, x) = C(σ, β, λ)x
−β ×∫
∞
x
(y − x)β− 12 y− σ−iλ2 − 12 2F1
(
σ − iλ
2
+
1
2
,
σ − iλ
2
; 1− iλ; y−1
)
dy. (4.4)
Considering the integral (4.4) by replacement of variable x = cosh2(r), we arrive to the following
identity
RX(λ, r) = 2C(σ, β, λ) cosh
−2β(r)
∫
∞
r
(
cosh2 ρ− cosh2 r)β− 12 sinh ρ
× (cosh ρ)−σ+iλ 2F1
(
σ − iλ
2
,
σ − iλ
2
+
1
2
; 1− iλ; cosh−2 ρ
)
dρ.
Consequently one has the integral transform
RX(λ, r) =
∫
∞
r
WX(r, ρ)RY (λ, ρ) sinh ρdρ
where we denote by WX(r, ρ) the kernel (independent of λ ∈ C) given by
WX(r, ρ) =
2pi
dimZX
2
Γ(dimZX/2)
cosh(1−dimZX )(r)
(
cosh2 ρ− cosh2 r)(dimZX−2)/2
and where RY (λ, ρ) is the resolvent kernel of some odd dimensional hyperbolic spaces Y such that
dim Y = dimNX + dimZX + 1.
So we led to the the desired result. Theorem 4.1 is proved. 
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5. Concluding Remarks
To finish this paper we have to mention that for complex and quaternionic hyperbolic spaces
G/K = NA there are some homogenous vector bundles Vτ over them and that the resolvent kernels
of the Laplacian LX,τ on G/K = NA acting on sections of such vector bundles are given by:
RX,τ (λ, r) = CX(λ) (cosh r)
−σ+iλ
2F1
(
σ − iλ
2
,
σ − iλ
2
− τ
2
; 1− iλ; cosh−2(r)
)
(5.1)
for ℑmλ ≥ 0, where the constant CX(λ) is given explicitly by
CX(λ) = pi
−(dimNX+1)/2
Γ((σ − iλ)/2)Γ((σ − iλ)/2)
4Γ(1− iλ) .
Then there is also a general integral transform with kernel WX,τ (r, ρ) that connect RX,τ (λ, r)
to the resolvent RY (λ, ρ) as in Theorem 4.1. The detail is left for a forthcoming paper in relation
with this subject.
We hope that we can use this explicit integral transform to solve other problems in the spherical
analysis on the NA harmonic groups.
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